TOWARD BEST ISOPERIMETRIC CONSTANTS FOR 
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Abstract. The aim of this article is: (a) To establish the existence of the best 
isoperimetric constants for the (H^ , BMO)-normal conformal metrics e'^^\dx\^ 
on R", n > 3, i.e., the conformal metrics with the Q-curvature orientated 
conditions 

i-Ar/^u€H\R-) & = const. + ^ W t^ 

J_ n 

(b) To prove that (nuj^ ) n-i is the optimal upper bound of the best isoperi- 
metric constants for the complete (H^ , BM 0)-normal conformal metrics with 
nonnegative scalar curvature; (c) To find the optimal upper bound of the best 
isoperimetric constants via the quotients of two power integrals of Green's 
functions for the n-Laplacian operators — div{| Vu|"~-^ Vu). 



1. Introduction 

The original motivation of this paper goes back to one of the geometric Q- 
curvature problems posed on Lawrence J. Peterson's edited article - Future Direc- 
tions of Research in Geometry: A Summary of the Panel Discussion at the 2007 
Midwest Geometry Conference (cf. ^5]). 

Alice Chang's Question: A very general question is to ask "What is the geometric 
content of Q-curvature?" For example, we know that one can associate the scalar 
curvature with the conformally invariant constant called the "Yamabe constant". 
When this constant is positive, it describes the best constant (in a conformally 
invariant sense) of the Sobolev embedding of W^'"^ into L^"/*^"^^) space; this in 
itself can be viewed as a W^'^ version of the isoperimetric inequality. It would 
be interesting to know if Q-curvature, or the conformally invariant quantity J Q 
associated with it, satisfies some similar inequalities with geometric content. 

To find out a way to attack this question let us choose a conformally flat manifold 
(]R",(7) as the acting model - the 2 < n-dimensional Euclidean space M" equipped 
with the conformal metric g = e^^go, where w is a real- valued smooth function on 
M", i.e., u G C°°(M"), and go = |c?xp = dx^ is the standard Euclidean metric 

on R". For the convenience of statement let us also agree to several more basic 
conventions. The symbols A and V denote the Laplace operator X]fe=i^^/'^^1 
and the gradient vector {d/dxi, ...,d/dxn) over R". The volume and surface area 
elements of the metric g are determined via 

dvg^n = e'^'^dH" and dsg^„ = e("-i)"dH"-i 



2000 Mathematics Subject Classification. Primary 53A30, 31B35; Secondary 42B30. 
^ Supported in part by Natural Science and Engineering Research Council of Canada. 



2 



JIE XIAO 



where TC' stands for the /c-dimensional HausdorfF measure on M". Thus, the volume 
and surface area of the open baU Br{x) and its boundary dBr{x) with radius r > 
and center x e R" take the following values: 

Vg^n{Br{x)) = ( e""dH" and Sg,„(9B^(a;)) = / e("-i)"rfH"-^ 

JBrix) ' JdBrix) 

At the same time, on the conformally flat manifold (E",(7) there are two types of 
curvature - one is the Ricci's scalar curvature 

^g,„ = _2(n- l)e-2"(Au+ !i_^|Vu|2); 
and the other is the Paneitz's Q-curvature which, according as [TT] and [55], is given 

by 

Qg.n = e-"''(-A)"/2u. 

Here and hereafter, for a G M the operator (— A)"/^ is initially defined via the 
Fourier transform 

(_A)^2/(3,) ^ (27r|x|)"/(a:) = {2^\x\r I e^^'^-y f{y) dH'^iy), 



< oo 



where / is of the Schwartz class, denoted / € 5(R"), that is. 



/ e C°°(R") and sup (1 + -r^ t^{x) 



Qki^ hKre J 



d^^xi ■ ■ ■ d^" 



for all multi-indices (fci, fc„) and natural numbers N . Of course, the domain of 
(— A)"/^ can be extended to C°°(R") via the duality pairing: 

((-A)"/2/,/i) = (/, where / e C°°(R") and /i e 5(E"). 

In addition to the operators Sg^n and Qg,m there is the third operator related to 
the Laplacian, that is, the n-Laplacian 

A„u = -div(|Vii|"-2vy)_ 

Associated with this operator is the n-Green function Gsi(-, •) of a domain Vl C R" 
with the boundary dVl ^ 0, that is, the weak solution to the Dirichlet problem: 

l^nGn,n[x,y) ^ 5y[x) , x<^Vl 
Gn,n{^,y) = , xedfl. 

Here Sy{x) is the Dirac measure. Of course, such a weak solution does not always 
exist. Consequently, when a domain is bounded and has the n-Green's function, 
the domain is said to be bounded regular. 

Since the scalar curvature S'g,2/2 and the Q-curvature Qg.2 coincide with the 
classical Gaussian curvature K: 

^ = Qg,2 = e-2"(_A)7. - e-^^^2U = K 

which completely characterizes the curvature of the two-dimensional conformally 
flat manifold (K^jgr), Chang's question leads us to recall an easily- verifled conse- 
quence of Li- Tarn's isoperimetric inequality (cf. [23, Theorems 5.1-5.2 & Corollary 
5.3]), Finn's isoperimetric deflcit formula 12J and Huber's isoperimetric inequality 
[13 Theorem 3]: 
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Two-dimensional Theorem: For u € C°°(M^) suppose g — e^"go is a conformal 
metric on M^. Let 



(1.1) 



/ |Qg,2| rfwg,2 < oo and / Qg,2 ^^3,2 < Stt. 



Then 
(i) 

is a positive number depending only on (M^, g), where the left-hand infimum is taken 
over all pre-compact domains C with -boundary dfl, and the right-hand 
infimum ranges over all -functions f with compact support in M^. 

(ii) 

(1.3) Kg.2 = 2(27r- / Qg,2dvg^2 

holds for Qg^2 > 0, where Hg^2 — 47r if and only if g = go- 

Clearly, an appropriate higher-dimensional analogue of the previously-quoted 
two-dimensional theorem (including condition (|1.1|) and assertions (i)-(ii)) would 
suggest a solution to Chang's question for the Euclidean manifold (]R",g). For 
future use, the symbol i7^(R"') (of. [HI Theorem 6.7.4]) denotes the Hardy space 
of all real-valued functions / on R" that satisfy 



Hi= [ + |i?,(/)|dH" <oo. 



where the Riesz transforms 

e-O J\y\>e 

are well-determined for / e L^(M") and the classical gamma function r(-). 

In addition, the best isoperimetric constant for a given conformal metric g on 
]R" is defined by 

1-4 Kg,n = mf ^ ^ , 

OeS_DC(R") Vg^n[^) 

where BDC{W^) represents the class of all bounded domains Vl C M" with C^- 
smooth boundary dO,. 

According to Chang's question as well as (|1.2p . our focus should be on deciding 
when the sharp constant in (|1.4p is positive. Below is the outcome. 

Theorem 1.1. For u £ C°°(K") suppose g — e^"go is a conformal metric on , 
n'>'i. If g is (H^ , BMO) -normal, namely, if 

(1.5) (-A)"/2u e H\R") 

and there is a constant c such that 



I^r.{logj^){-A)"/My)dn-{y) 



(1.6) u(x)=c^ — jTT— - — — for xe 

^ ^ ^ ' 2"-iW2r(n/2) 
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^-1 



then 

where the infimum ranges over f G C^{M") with compact support in 



(1.7) < Kg,„ = ^ inf^ ^ r , , < oo 



Perhaps it is worth pointing out that the notion of {H^, _BA/0)-nornial is natu- 
raUy inspired by both (jl.Sp which amounts to the foUowing Q-curvature constraint: 

{\Qg,n\ + e"""|V(e("-i)"gg,„_i) l) dVg^n < oo 

and the famous C. Fefferman's duahty [iJi(R")]* = BMO(R"), John-Nirenberg's 
space of functions with bounded mean oscillation in M" (cf. [I^), which contains 
the function log | • — - j for any fixed x £ R". Here it is also worth mentioning 
that the conditions 



J \Qg,n\ dvg^n < oo and (|1.6p 



produce the definition for a conformal metric to be (classical) normal - see also [H] 
for n = 2; [51 Definition 3.1] & 6, Definition 1.7] for n = 4; [5] & [3| for even integer 
n > 4; [27j & [35] for any integer n > 3. Obviously, the (7J^, i?MO)-normal is 
stronger than the normal. From [18j . [27j and [35j it turns out that any conformal 
metric g on M" with n > 2 satisfying 

(1.8) / \Qg.n\ dvg^n < oo and lim inf Sg^n{y)>0 
is normal. 

As a first application of Theorem 11.11 we obtain the following result (cf. (jl.3p ) 
which seems most closely tied to Chang's question above. 

Theorem 1.2. Foru e C°°(R") suppose g = e^^go is a complete conformal metric 
on K", n > 3, with 

(1.9) {-Ay/^ue H\R") and S'g,„ > 0. 
Then 

(1.10) o< <i- /k"^;-"/^;^-" 

(nu;!)^ - 2"-ir(n/2)W2 

cj„ = H"(Bi(0)) = 2W2(nr(n/2))"' 

is the n-dimensional HausdrojJ measure of the unit ball i?i(0) o/M". Moreover, the 
relation "< " in becomes the relation "= " if and only if g — go. 

As a second application of Theorem 11.11 we gain the optimal upper bound of 
Kg^n through a comparison between two integrals of the Green function associated 
with the rt-Laplacian operator. 

Theorem 1.3. Foru £ C°°(M") let g = e'^'^ga be an {Ef^ , BMO)-normal conformal 
metric on M", n > 3. Suppose BRD{W^) stands for the class of all bounded regular 
domains fl C M" . Then 
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(i) 

(111) o^'^M^alll < inf Ini'^^.nix,y))''dvg,n{y) ^ _ 
Kg,lT{p+l) - xeneBRDiRr^) (Go.„(a;, y))^ di;g,„(y) 

holds for < q < p < oo. Moreover, the equality in lll.lll) is valid for g = go. 
(ii) 

1.12 < , , < inf , , ^ ^'^ (4 < oo 

r{p+l) xeneBB.DiR'^) {GnA^.v)) dvg,„{y) 

holds for < p < oo. Moreover, the equality in holds for g = go- 

The proofs of Theorems 1 1 . 1 jfTT3 1 . 31 are provided in the second, third and fourth 
sections respectively. Our techniques and methods are of strong harmonic analysis 
flavor and developed partially on the basis of the following works: 0, [3], [5], [8], 
[Sj I [IS] J [IZj I and [22] . Here we would like to thank P. Li for sending us the motive 
paper [23 j A. Chang and G. Zhang for reading the original version of this article, 
and the referee for giving us helpful suggestions. 

2. Proof of Theorem 11.11 

To prove Theorem 1 1.1[ we begin with the concept of David-Semmes' strong Aoo- 
weight (cf. [5]). 

Definition 2.1. 

(i) A function w : R" [0, oo) is called an Aoo-weight provided there are constants 
e > and C > 1 such that 

holds for aU EucHdean balls B CW\ 

(ii) A nonnegative Borel measure /i on R" is called a doubling measure provided 
there is a constant C > 1 such that fJ,{2B) < Cii{B) holds for every Euclidean ball 
B = Br{x) C R" and its doubling ball 2B = B2r{x). 

(iii) A doubling measure /i on R" is called a metric doubling measure provided 
there are a metric df^{-,-) on R" and a constant C > 1 such that 

C-^d^{x,y) < n{B^,_y^{x)UB^y_Ay)) <CM^^y) ^r x,yeR". 

In this case, there exists an ^oo-weight w on R" such that dfi = wdH"" - such a 
weight is said to be a strong Aoo-weight. 

It is well-known that if w is an Aoo-weight then u = logw G BMO{W^): 



BA/O =SUp(H"(S)) M-(W"(B)) ^ f Udn 

B J B JB 



dH" < oo, 



where the supremum is taken over all Euclidean balls B C R", and conversely, if 
u G BMO{M.") then there is a constant c > depending on n and ||m||bmo such 
that w = e*^" is an Aoo-weight. Moreover, a typical example of the strong Aoo- 
weight is the Jacobian determinant J/ of a quasiconformal mapping / of R" onto 
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itself in that if d^[x,y) = \ f[x) — f{y)\ then a change of variables plus a distortion 
structure of quasiconformal mappings (cf. [HI p. 380]) gives 

d,{x,y) « (H"(/(S|,_,|(x)Ui3|,_,|(2/))))" « ( / JfduA . 

Here and henceafter, X k. Y means C^^Y < X < CY for a constant C > 1 
independent of X and F, and moreover the symbol X <Y stands for X < CY. 
The lemma below is a straightforward consequence of David-Semmes' 8, (2.4)]. 

Lemma 2.2. Ifw is a strong Ar^-weight, then there is a constant C > such that 
the isoperimetric inequality 

wdn''<c([ drc'-^ 

\Jdn 

holds for every bounded open set il C M" . 

From Bonk-Heinonen-Saksman's [3i Theorem 3.1 & Remark 3.26] we can readily 
obtain the following result. 

Lemma 2.3. Given a. G (0, n) and x e M" let 

u{x) = {U){x) = r^Sj^ / I dn-{y) 
2"7r2r(f) Jr„ \x - y|" 

converge for some function f : M" M.^ with 

ii/iil../. = ^j/r/"rfw"j <oo. 

Then w = e"" is a strong Aao-weight. 

The forthcoming technical result is also useful. 
Lemma 2.4. Let < A < n. Then 

'Unt'u ( \\ I k-yr^rfW"W <00. 

(r,x,i/)e(0,oo)xR"xR" rl yi3r\X)) J Br(x) 

Proof. Using a dyadic portion of Br{y) we estimate 

dW'iz) f dH"{z)\ 



,,(i;)n(R"\B,fe)) \z~y\^ JBAx)nBr.iy) \z - Vl' 

< r-^^+^^K'(Br{x) n (R" \i?,(y))' 



OO 

k-- 



E 



dWiz) 



/ oo ^ 

< r-M 1 + r-" ^ 2^^7^"(i?,(a;) n {B^-.^v) \ B.-.-^M)) 



k=Q 



<r-^(l + ^2-'=("-^) 

fc=0 
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whence getting the desired finiteness. □ 

Proof of Theorem [mi We first prove < Kg,„ < oo. Using (-A)"/^^ g 

the celebrated Stein- Weiss-Krantz's boundedness of : -> L^(R") (cf. 

[31] and [21]), and A)^2 — J^, we gain 



(2.1) = / |/i(-A)^u|— dH' 

<||(-A)"/2,i||^, 

Note also that for n > 3 and x y (cf. [20l p.l28, (2.10.1) & (2.10.8)] and [24l 
p.132, (3)]), 

{^A)hog\x-y\-^ 

= {-A)-^-A)log\x-y\ 

(n-2)r(V, , |a;-z|-^|z-y|^-"dH"(z) 



So if 



then 



Mi(x) = In^i{{-A)'^u){x) for a; G M", 
(-A)T^wi(a:) 

_ 4„ ((-A)^|x-yri)(-A)^u(y)dH"(y) 
2"-i7rT^r(ii^) 

_ 4„ ((-A)^(-A)Mog|x-^/|-l)(-A)^^.(y)dH"(;;) 
2"-i7rtr(f) 

5,(y)(-A)^u(y) dn"{y) 
= (-A)^u(a;) 

Here we have used the formula (cf. [27l Proposition 2.1 (iv)]) that 
(-A)"/2(_ log _ y\) ^ 2«-lr(n/2)^"/24(y) 

holds in the sense of distribution. Consequently, {—A)^~{u — ui) = 0. In other 
words, 

= (27r|a;|)"-i(?r^i)(a;), a; £ R". 

Since n > 3, this last equation forces (— A)(it — mi) = 0, namely, u — ui is a harmonic 
function on and so is each coordinate of the vector V(u — ui). 
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A combined application of ()1.6p . the mean- value property of d{u ~ ui){y)/dyj, 
Fubini's theorem and Lemma [2T4l derives that for any r > and x e R", 



d{u — til) 



(x) 



< 



dH^iy)] |(-A)"/2«(z)|dH"(z) 



\z\ 



Br{l 



log 

oyj \z - y\ 



d 



(|zri(-A)^ii(y-z))dH"(z) 



< 



\z ~ yi-Un'^iy)] \i-Ar^M^)\dn-{z) 



+ 



y\-'dH'\y) |V((-A)("-i)/2u)(z)|d7^"(z) 



<r-i(||(-A)"/2^|U. + ||V((-A)("-i)/2u)||^,) 
<r-i||(-A)"/2«||^i, 
where we have also used the following formula (cf. 25, p. 58, (1.94)]): 

-RMx) = -^ihf){x) = A((_A)-V2/)(x), 3 = 1,2, , 



Letting r ^ oo wc obtain that V(m — ui) is the zero vector, whence finding that 
u — ui is a constant c. Now we get by Lemma 12.31 (|2.ip and the definition of ui 
that w = e"" = g"Cgniii ^ strong Aoo-weight. This, together with Lemma [2.2[ 
deduces that for any n e BDC{W), 



e"" < C 



where C > is a constant independent of Q. Thus Kg_„ is a finite positive number. 
Next, we prove 



(2.2) 



inf 



(/^JV/ldz;,,,)"-^ 



In spite of being well-known, such an argument is included here for the completeness 
of the paper. For i > and / £ Cq^R"), let 



n{t;f)^{xeR^ ■.\f{x)\>t}, 



then 



dn{t-j)^{xew-^ ■.\f{x)\^t}. 

Thus, using the layer cake representation, the monotonicity of Sg^n{d^{t] /)) with 
respect to t > and the co-area formula for V/ (cf. [Il Theorem Vin.3.3]) we 
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obtain 



«9,« / I/I""' C?Ug,„ 

/•oo 

= l^g,n Vg,n{P-{t] f)) 

Jo 

S3,„(9r!(t;/))dt 



whence reaching 



(/MJV/|dz;,,„)"- 



(2.3) Hi] n ^ inf „ „ 

To check the reversed inequahty of (|2.3p . as to f7 e i3_DC(M") and e > we choose 
the following function 

{1 , X eVl 
1 - e-idistg(a;,5n) , xcW'\n k distg(x, (917) < e 
, a; e M" \ & distg(x, 917) > e. 

Here distg(a;, d^) is the distance from x to Sfi with respect to the metric g. When 
e is small enough, we have that 

-1 , a;GR"\f7 & distg{x,dVL) <e 
, otherwise, 



|V/e(:r)| = 



where VL is the closure of il, but also that tends to the characteristic function 1^ 
of as e ^ 0. Hence 

(/«JV/el^%«)"^ 
/Rj/.|^rf%n 

(lim,_oe"^Wg,„({x £ M" \ f7 : distg(x,af7) < e})) " 



lim,^o/K„ |/e|"-l C?Wg,n 

_ (gg,„(917))^ 

Wg,n(f7) 

and consequently, 

2.4 inf VJR" I 1^ 9."/ <K„„. 

Evidently, and jM]) imply ([22]). 



10 



JIE XIAO 



Remark 2.5. (i) From [H Theorem 1.3] and its odd-dimcnsional analog (cf. [27 ) it 
follows that there exists a dimensional constant C„ > 1 such that every Euclidean 
manifold (M", g) with n > 3 is C„-biLipschitz equivalent to the background manifold 
(M",(7o) ~ in other words - e™ is comparable to the Jacobian determinant of a 
quasiconformal mapping from R" to itself (this guarantees that e"" is a strong 
-weight), and hence (fTTl) holds, as along as m e C°°(]R") satisfies ([L6l) and 

n2"-ir(n/2)W2 



(2.5) / |(-A)"/2y|d7^" < 



27+4ng4n(n— l)32n 

Noticing the strict inclusion i?i(M") C ^^(M"), we can immediately read off that 



the requirements (|1.5p and (|1.6p are a sufficient but not necessary condition for 
(fTT7|) to be true. 

(ii) Under either the hypotheses of Theorem ll.ll or the conditions (|1.6p and (|2.5p . 
we can apply [H Theorem] to establish the following inequality concerning the best 
Sobolev constant for the conformal metric g ~ e^^go: 

< inf -"^ ' ' ^^^H— < oo where l< p < n. 

3. Proof of Theorem 11.21 

The forthcoming isoperimetric deficit formula (attached to the Chern-Gauss- 
Bonnet integral inequality for g = e^^^o) is taken from the main theorems in |27j 
and [35] . 

Lemma 3.1. Let u G C°°(R"). If g = e^^go is complete conformal metric on E", 
n > 3, but also satisfies il.8\} . then 

2"-ir(n/2)W2 (nc^y")»/("-i)t-<,(B,(0)) ' 

Proof Theorem 11.21 This follows from Lemma 13. 1[ Theorem II. 1[ the estimate 

/ |Qs,„| dvg,„ = \\{-Ar/\Ui < U-Ar/Mm, 
the vanishing integral condition 

[ (-A)"/2urf7^» = for (-A)"/2u e Hi(R"), 
and the evident inequality 

Next, we handle the equality case of (|1.10p . If g = go, then u ~ which derives 
Conversely, suppose = {nujn ) • Then 
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Now from the formula 
dr 

it follows that 
namely, 



^ Sg^n{dBrix)) for a; e M" and r>0 

{sg^r.{dBrix)))-' _ [ Tr 



nUJ^ < (^Vg^ri{Br{x))'^ 



dr 

An integration acting on this last inequality gives 

(3.1) iOnr" <Vg^n{Br{x)). 

On the other hand, the geometric interpretation of the scalar curvature reveals 
(cf. [Ml 3.98 Theorem]) 



i{Br{x)) ^ _ Sg^njx) 2 , / 2n 

c^„r" 6{n + 2) ^ ^ ' 



Since Sg^n{x) > for x e R", we conclude 

Vnn(Br(x)) 

(3.2) lim ^ < 1. 

Using the previous estimates p.ip - p.2|) and the fundamental theorem of Lebesgue 
(cf. [301 pp.4-5]), we find 

^nu{x) ^ f ^nu ^^n ^ jj^^ %«(^r(a:)) ^ _^ ^^^^ ^ ^ ^^^^ 

whence getting u = and so g — go- 

Remark 3.2. (i) Under the equality result of Theorem II. 2[ the proof of [13 Propo- 
sition 8.2], along with the extremal function 

/(x) = (1 + Ixl^^)"^ for xeR", 
yields that for any p e {i,n) the well-known best Sobolev constant 

is equal to 



i-i 



n — — 

pj 



It seems natural to conjecture that for any complete conformal metric g = e^"go 
satisfying (|1.9p . the inequality 



holds and the last equality happens when and only when g — go- Obviously, the 
last infimum is positive under the above-pointed suppositions. 
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(ii) Maybe it is appropriate to recall the so-called "non-compact Yamabe prob- 
lem", which states: On a smooth, complete, non-compact 3 < n- dimensional Rie- 
mannian manifold {M,g), does there exist a complete conformal metric of constant 
scalar curvature? Although this problem was answered negatively through Z. Jin's 
counterexample in [19], it would still be of independent interest to find a criterion 
for the 1-scalar curvature equation 

(3.3) 5g,„ = -2(n-l)e-2«(Au+^^|VTf) =1 

to be solvable in a suitable function space. From Theorem II. 21 it is seen that if this 
equation has a solution u belonging to C°°(M") and obeying (— A)"/^u e i/^(R") 
then (|1.10p holds. A follow-up question arises: Is il.l(J\) a sufficient condition for 
the existence of a solution to US. 3\) ? 

4. Proof of Theorem 11.31 

To prove Theorem II .31 let us review the so-called Sard type theorem (cf. p9l 
Theorem 10.4]) 

Lemma 4.1. Given a bounded domain 17 C M" with n > 2 let f be a real-valued 
function on Vl with 

Sup(|/(:E)I-f |V/(.t)|) <oo. 

Then 

f-\t) = {f-\t) \{xen: Wfix) - 0}) u {f-\t) n{xen: Wfix) - 0}) 

holds for almost all t G /(f7), where f^^(t) \ {x G J7 : 'S/f{x) — 0} is an (n — 1)- 
dimensional -suhmanifold with 

W""^(/"^(i)n{xel7: V/(2:) =0}) =0 and ^"-^(/^^(i)) < oo. 

Consequently, ifSf consists of the above t's then (/($!) \ S/) = 0. 

With the help of Lemma lOl and the asymptotic behavior of the Green's function 
ofne BRDiK^) below: 

Gn,nix,y) = -{nuJn)T^'log\x -y\-\-0{l) as x^y in R", 

W. Wang discovered an integral formula for the n-Green function (cf. [3H Lemma 
4.1]) as follows. 

Lemma 4.2. Let y e n e BRDiW") with n>2. Then 

f |VGo(-,2/)r-^dW"-^(-) = l 

J{xi£n: Gn{x,y}=t} 
holds for each t € SGn{-,y)- 

Proof of Theorem [HH (i) For i > and y e 17 e BRD{W') set 

nit,y;G) = {xen: GnAx,y) > t}. 
Then Gn{-,y) is of G^ class on i7 \ {y}, and hence for t G Sg^j „ we have 

dQit,y;G)^{xen: Gn,„(x, y) = i}, 
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which is the pre-image of t under Gsi,n(-,y)- From now on, we wiU assume 



Fit,y) = Vg,n{W,y;G)) = / e™dH". 

Jn{t,y:,G) 

On Sca „ this function decreases - in fact F{t, y) enjoys the differential equation 
(cf. [11 p. 53, Lemma 2.5]) 

dF{t,y) _ r e""(^) 

dt Jdn{t,y;G) \'^Gn{x,y)\ 

Applying Holder's inequality. Lemma 14.21 and Theorem II. H we further derive from 
dSl) that for t G SGn.„, 



(4.1) / ^ -dW-^x) for teS. 



Gn,n- 



dFit,y)\^ 



( clP[t,y) \ 
\ dt J 

( r pnu{x) 

= / T^^TT-, 7TdK'-\x 

yJdnu.v.G) \"Gn(x,y)\ 



dW^-^jx) 

WGn{x,y)\ j \Jdn(t,y-G) 



> / e("-i)"(^)dH""^(a;) 

Jdn(t.:y;G) 

> {vg^n{^{t,y;G)) 
= kS {F{t,y))^. 



The above inequalities yield 

d 
di 



(e«-*F(t,y)) = e--* (^^y^nF{t,y) + ^^^) < 0. 



In other words, e'^S'"'F(f, y) decreases with t E Sgq „■ 
Because Lemma 14.11 illustrates 

{{t = GnAx, V) e (0, oo] : x e ^i} \ Sg,,,„) - 0, 

we can treat F{-,y) as a continuous and decreasing function on [0, oo) but also 
e'^S'"*F(t, y) as a decreasing function with t G [0, oo). Note that if p > and 

Fpit,y)^ f (Go.„(x,y))V"(^)dH"(x), 

Jn{t,y;G) 

then 

Fp{0,y)^ [ (Ga„(:E,y))V"(-)dH"(a;) 
and hence, using the layer cake representation and integrating by part, we deduce 

/oo 
rPdFir,y). 

So, without loss of generality we may assume F^(0, y) < oo for < g < p < oo 
- otherwise there is nothing to argue. Since d{e'^!'-"^*F{t,y))/dt < , we conclude 
(via an integration by part) that 

poo 

Fq{t,y) < Kg^ne^^ -' r'ie-^^'-'dr 
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and consequently, 

d d f°° 

-\ogF,{t,y)<-logJ^ r^e-'^-'-'-dr. 

Integrating this last differential inequality from to t, we get 



F,iO,y) - Til + q) 
This estimate produces 
Fp{0,y) 

o 

tP~H''dFit,y) 







(p-q) tP-'^-'F,it,y)dt 
Jo 

r(g+l) 



r(p + i) 



\Jt 



which in turn verifies (|l.lip . 

Furthermore, g = go implies u = and Kg.„ = (nwA' ) "-^ . Now that 

(4.2) Gs,(o),„(0,j/) = -(nt^„)^log|2/| for y £ Bi(0), 

9 — 90 yields also 

+ 1) 
Kg,?^r(p + 1) 



< inf 



< 



xeneBB.D(R-) {GnAx,y)y dvg^y) 
Ujo) (GB.(o).«(0,y))'rf^"(y) 
/i3,(o) (GB,(o)^„(0,y))^dH"(y) 

(nc^„)i-^/„^(logi)V-idr 



(nw„)i-^ /o' (logi)V-idr 

^ (ncj|)-^r(g + l) 

(nw|)-^r(p+ 1) 

Thus, the equality in occurs. 

(ii) From Theorem 11.11 and the case = g < p < 00 of (i) it follows that Kg_„ > 
and for any a; e O e Bi?i:»(M"), 



BEST ISOPERIMETRIC CONSTANTS FOR SJ\/0)-NORMAL CONFORMAL METRICS15 



This derives (|1.12p . When g = go, as done in the last part of the foregoing (i) a 
calculation with ()4.2|) yields 



r(p+l) T{p+1) J^^^^^ {GB,io)AQr)Ydv,U-y 
whence reaching the equality of p.l2p . 

Remark 4.3. (i) We have not been able to prove whether or not the equality of 
either (jl.lip or (jl.l2|) implies g = go. Nevertheless we strongly conjecture that it 
has an afhrmative answer. 

(ii) When w is the Jacobian determinant J/ of a quasiconformal map / from R" 
to itself, w is a strong Aoo-weight and so by Lemma [ 



inf ^ — > 0. 



A careful look at the proof of Theorem 11.31 indicates that this theorem is still true 
with Kw replacing Kg,Ti- In particular, 

where ?/ e G BDC{W') and < p < oo. This observation suggests a future 
study of the quasiregular Q-space QRQp{n]W") which comprises all quasiregular 
mappings f : R" with 

sup / (Go,„(a;,y))^|/'(x)r « sup / {Gn.n{x,y)Y Jf{x) dn"{x) < 

Here f'{x) means the formal derivative of / at x, that is, the matrix [dfj (x) / dxk]nxn 
of the partial derivatives dfj{x)/dxk, j,k = l,...,n, of the coordinate functions 
of /. Moreover, = max/jga^^^Q) \f'{x)h\. And, a continuous map- 

ping / : il — > R" is called quasiregular provided that its coordinate functions 
/i, /„ lie in the local homogeneous n-Sobolev space Wl^"{rt), i.e.. 



Jo 



for each open set O compactly contained in fi, and that there exists a constant 
K. > I such that 

(4.3) jfix)<\r{x)r <jcjf{x) 

is valid for almost all x e 51. Especially, the quasiregular homeomorphism is said 
to be a quasiconformal mapping. When n = 2 and /C = 1 in (j4.3p the concept 
of quasiregular/quasiconformal returns to the concept of holomorphic/conformal. 
See also: [16] for more information on the quasiregular mappings, |33j-[34j for an 
overview of the recent research results on the holomorphic and geometric Qp-spaces 
on the unit disk of R^ , and [22] for an investigation of the Qp-type function space 
over i?i(0) introduced by a kind of invariance under Mobius transformations. 
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